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Kalman Filter Implementation with Improved
NumericalProperties

M. Grewal,Sr. Member, IEEEand J. Kain

Abstracth This paper presents a new Kalman filter
formd the sigmaRho filterd useful for operational
implementation in applications where stability and
throughput requirements stress traditional
implementations. The new mechanization s the benefits
of square root filters in both promoting stability and
reducing dynamic range of propagated tems. Sate
standard deviations and correlation coefficients are
propagated rather than covariance square root elements
and these physically meanigful statisticsare used to adapt
the filtering for further ensuring reliable performance.
Finally, all propagated variables can be scaled to
predictable dynamic range so ttat fixed point procedures
can beimplementedfor embedded applications A sample
problem from communications signal processing is
presented that includes nonlinear state dynamicextreme
time-variation, and extremerange of system eigenvalues
The dgmaRho implementation is successfully appliecht
sample rates approaching 100Hz to decode binary
digital data from a 1.5GHz carrier.

Index Terms® Square root Kalman filter, extended
Kalman filter, sigmaRho Kalman filter.

I. INTRODUCTION

HEKal ma n [f] geherabzedonsodddased approach

to optimal estimation would appear to be iddat
accelerating the transition fromconceptualefinition of an
estimation problento its final algorithm implementatiori
bypassing theselection and testing of alternatigaeboptimal

from the early day®f Kalman fiter applicationd the very
optimality of the estimation process suggests sensitivity to
various errors Simon [2] summarizeswidely implemented
solutionsfor these stability issuess fi{(1) increase arithmetic
precision (2) some form of square root filieg; (3)
symmetrizethe covariancematrix at each step(4) initialize
the covariance appropriately to avoid large chan@®suse a
fading memory filtey and(6) use fictitious process nogeAll
recent Kalman filter instructional textsuch a$2]-[4], as well
as early instructional texts Jj5offer significant discussion of
these issues but stop short of suggesting universal solutions.
For example, mitiple examples of preventing filter
divergence are provided in ][3howing how injection of
fictitious process noise prevents Kalman gains from
approaching zeroand thereby stabilizing the otherwise
divergentsolutiord but strategiedor selecting thefictitious
noisecharacteristics arpot discussedSimilarly, [4] provides
extensive material coveringariouspossiblenumerical issues
as well asa suiteof candidatesolution® but stops short of
offering a generally applicable implementation approdttis
paper proposesuch a generalizedapproach where non
problemspecific thresholdsare used to controlthe overall
sensitivity of the solution.

Kalman filter execution speetinprovementhas received
less sautiny although texts such as][4$rovide detailed
descriptions of good Kalman filter programming methods and
their computational burdenin terms of fbating point
operatons The scaling methods proposed here used to
enhance robustness have the natural benefit for allowing
mechanizatio into fixed point arithmetig thereby offering
methods for transitioning a desigm high-speed digital signal

designs. This has not been the case for engineering disciplipescessas. The thrust of this paper is to offer paths foore

suchas communications and speech processig.offer two

generalizedrobustness as well as accelerated throughp

reasons.Kalman filter robustness issues remain even aftegainedfrom fixed point arithmeticTo demonstrate our new

over 30 years ofefining the details of implementatioAlso,
processing speed for Kalman filter solutioraeot approach
the manyMHz updaé cycle timesdemanded for modern
signal processing algorithms. In this paper, presenta new
mechanization of the Kalam filter that mitigates these
handicaps.

Issuef Kalman filter numerical stabilityere well known
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approach, we address eommunications problemwhere
74MHz sampling is used to decobimary data from a 1.5GHz
carrier.

The covariance matrix must be symmetric and positive
definite; otherwise it cannot represesatid statistics forstate
vectorcomponentslt was recognized during the early years of
Kalman filter applications thatatoredform Kalman filters
(square root filters) are thereferred implementation for
applications demanding high operational reliabil[]-[9].
Factored terms of the covariance matrix are propagated
forward between measurementsand updated at each
measurement. The covariance matrix, reformed by multiplying
its factors together, is ensured to be posiseeidefinite
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Numerical comparison of several factored forms of thewould be preferable tpotential divergenceOne method to

Kalman filter are described in1f0]; derivations andsoftware achieve this result is toompute the Kalman filter update

implementation detail fa various factoredform filter covariancewith the physicdhased model parameters aedt

variationsare provided in [# the resulting covariance matrix. If too muckstimate

improvement ispredicted theneitherthe measurememtoise

One widely usedfactored form Kalman filteris the ortheprocess noise leveteinbe increased and the coisarce
UDU T filter. The covariance matriR is defined in terms of update recomputetiefore processing the data at this step

the matrix factord) andD as Such aniterative procedure leadto a limited information
filter where the maximum standard deviationmprovement
P=uDpU". ) (per measurementpr any statds limited. In a similar way,

we could limit the lower extent of state standard deviation to
an absolute value or to a percentage of its original uncertainty
level. The difficulties of such adaptive approeshare
primarily computational. A filter form could readily be
devised to cycle through the covariance updatemgations,

The UDU " Kalman filter form, and others described in][4
hasworked welland specialized digital implementatiohave
been developed so that processing times fofactored
covariance flltersare nearly the same afor traditional iteratively adjustingnoise modelsto limit the information
covariancepropagation methodsJ4 extraction
_ The individual terms of the covariance matrix can be Fading memory filters [ [15]-[16] are also offered as
interpreted as generalized solutions for mitigating divergentendencies
These filters deveight less recent datéorcing thefilter to
R =Sisi7j (2)  always accept new informatipthus preventing Kalman gains
from approaching zero. However, as with iddfictitious
where B; is theijth entry of the covariance matris,; is the process noise, this stabilizing solution must use-#nterror
methods to tune the manner in which prior measurement data
is de-weighted.

The computer word length issues that plagued early Kalman
component.Both s; and r;; contain important physal fiiter implementations have been somewhat mitigated by the
information defining the progress of Kalman filter p o wer of t o d a yHoweverc &atmpan tfileer s .
estimatio® both in tems of the current successasdtimation Solutions rarelyreceive consideratiorfor extreme speed
as well as the likelihood of future numerical issues. Howevegmbedded applit@ns such as communications, speech and
the individual termswithin matrices propagated fdactored video data processing where fixed point solutioase
form filters have no useful physical interpretation unless thereferred
covariance matrix, and in tuthe statistical parameters in)(2 ~ This paper derives an alternative Kalman filter
are computed. mechanization with direct propagation of the standard

The Kakman filter is optimalunder assumptions that thedeviation (sigma) and correlation (Rho) mathiat we call the
model is correctand thuscan exhibit intolerance to model sigmaRho filter This new filter form offes a more
error. Also, initial (preestimation) state values may begeneralized solution to the numerical issues of the Kalman
completely unknown, leading @ssigningcrudeestimates for filter described aboveSection Il derives the sigmaRho filter
initial states withassociatedarge initial standard deviations. for nonlinear continuous and discrete systems the
Moreover, initial $ate correlations are often unknovemd measurement wate stepand the adaptation strateg8ection

standard deviation dhe estimate of th&h statecomponent
andrj; is the correlation coefficient betweéh andjth state

assumed to be zer&uch expedient initialconditions often 1l presents an example of the sigmaRho filter applied to a
lead to extreme initial transient behavior and early filter communications problem and Section IV gives the
failure. conclusions

A class ofadaptiveKalman filter method$as beemsedto
addressmpacts ofmodeling uncertainty11]-[14]. Fiter realt
time performance is evadted usingresidual testswith the Il. A NEWKALMAN FILTER MECHANIZATION FOR
process noise and/or measurement noise increased if the CONTINUOUSNON-LINEAR SYSTEMS
residual variance is observed to be outside the expected range.The SystenDynamics
However, because the closed adaptation loop must be slowe
than the estimator response time, theeffimayhave become
unrecoverableafter the point the divergence is noticed. A
method that caranticipatefuture anomalous performance is 4= f(§)+w ?)
preferable. - -
One such approach is to recognize that instability oftenh
results from extracting too much information tpaickly from where
the estimation process. A slower rate of convergence and/)(()r: state variable vector of length
limiting the lower threshold of the estimaséandard déation =

For a Kalman filter, he system state differential equations
are given by
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) ) ) o (5) the instantaneous (time varying) standard deviation oftthe
f(x) = state dynamics, often linearized wifh= X stae vector component. Thuse can write
w = system white noise vector inputéth )
_f(sd) %
f=—_ s ™
EgMwWt+s) g €). S $

Equation (J provides the dyamics for the transformed
state vector Xj. Covariance propagation for a continuous

The scalar measurement process is described by

z=h(x)+v (4) linear or linearized dynamic system is governed by
where F=FP+PF' +Q . (8)
z= scalar measurement value, ) Taking the time derivative of 2

Hh(x

h(x) = measurement model, often linearized Hy= ,
pX Iﬁ =8tsrij +Si$rj +s;sH . 9)
v =measurement noiseith E@V(W(t+#)" grR ¢) .
We first investigate the terms of this equation whHeaadj

There is no loss of generality by treating only scaldfr® identical. Noting that; =1 and # =0, then, from (9

measurementd.he scalar measurement model is equivatent

an|-vector measurement model under conditions wherd the# = 24ts. for i = j. (10
measurements are uncorrelated (diagonal m&yix-or this
case, each of tHemeasurements is processed sequentially at a
single  measurement  epoch. Moreover,  correlated
measurementgyR contans oftdiagonal elementsitan be n n

decomposed into an equivalent uncorrelated representati%: & Fusksjrig+ta siscrixc Fu +Qy - (11)
with a net benefit in execution time over direct inclusion of a k=1 k=1

nondiagonal matrixR through matrix inversiofy].

From (8) expressed in scalar form

and substituting from (10and setting = |
B. The sigmaRho Filte€ovariance and State Propaiian n n
with Continuous Dynamics 29is; = a Fik Sk Si r +kal SiSk /i P vQi - (12
The estimation problem description is frequently based on a
continuous linear or nonlinegr differential gquation wit_h the Equation (12 reduces to the simplerio
general form of(3). The continuous dynamic state estimate
and its covariance matrix must be transitdnéom a n Q.
measurement epoch to the next measurement epoch. THis=3 F, S, 7 +—— . (13
transition process can be accomplished by a simple trapezoidal k=1 2s;
integration of the continuous filter dynamics when
measurement sample times are fast wibpect to system

gingnmécnfi.al EsrolLIJItrif:sr, ere Ilg?tzgzaii d Silste:?asnr;}gm( ﬂParticuIarlywhenstate vectaare large Thus thesummation
P 5 (13) might require considerable multiples by zeroooe;

continuous system to a discrete form using the trar]S't'(%)rfherwisesome sparse matrix logic must be added to bypass

matrix. For system models that do not fall into either of these o :
categories, direct numerical integration of rioear these multiplies. However, the general expresdiod, where

continuous differential equations can provide effective |y . ; Lo . .
. . e . is an arbitrary v r ntity, i il m in
solution.Thediscrete form is discussed $ection Il C. 3 is an arbitrary vector quantity, is easily computed using a

The state propagation step between measurements for pigPlemspecific procedure ith a vector quantity result.
Kalman filter is governed by Num_encal methods that capitalize on tH@m (_)f sparse
matrix treatmentare reérred to as Krylov techniques 7
We introduce the following equation as an aid to avoid

We introduce an auxiliary variable that aids the
computational process. The matrix is often sparse,

%= f(l() ®) specialized sparse matrix logic.
We consider a scaling of this state vector as follows: n
kal FicS 7
X M., =X*%&~2~ 14
Xj = N (6) ] s ( )

S

where X; is the ith component of the state vector agdis Thus (13, scaled with s, to remove physical units,
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becomes C. The sigmaRho Filter Covariance and State Propagation
with Discrete Dynamics

g )

Siom, +Q_n2 (15) o . .

S, 25, Often it is desirble to recast a continuous dynamic system

into a discrete form for state propagatibom epochk to
We return to the more general case whierej . Using (9) epoch k+1 using the transition matrixF (k) and discrete

and (1) gives the following result: noisew(k) using
gts .+ shsw s -ﬁ re < x(k+1)=F (k) x{k)+ wlk) . (18)
i i 7 ik k] oK
k=1 16
. +Q (19 Covariancepropagation is performed by
|k jk ij :
' P(k+1)=F (k)P()F (k) +Qy (k) (19

Solving for #; gives

where Q, (k) = E gw( k) w (K

H =- % ¥ 8, + M+ M+ — Qj ] 17 For the discrete sigmaRho form, Wwegin by normalizing
g@i S 9 SiS the state vector at the beginning of each propagate step
o . . i= (20)
The standard deviation ithe propagatiorstep (15)is the st

only statistical term thasinot scaledThe standard deviation .. L )

has the samghysicalunits as the original statend may have where s;" is the standard deviatiorvalue for the ith state

large dynamic rangedepending on the engineering modelcomponent after the last measurement update.

Dividing by a predefined maximunmexpectedvalue (unique

for each state) can normalize the standard deviation\We will define

derivatives. It is often the case that the initial state standard

deviatim is set to its maximum expected value over time with F. s k.

the subsequent standard deviations improved by the estimatiog = 1 and Ql”. = S s”

process. Si 2
Table | shows thefinal propagationequations wherall

statistic variables are scaled to predictable rangése MAX Notethat

subscripted drms are the stafpecific maximum standard

deviation values and the primed standard deviation terms aée[ . (x - i )] E - X ( )

the normalized terms (expected to be between 0 and 1). = s.s

We propagte the covariance matrix of the normalized
system from the last measurement to the mesg&surement,

TABLE | .. . .
SIGMARHO PROPAGATION FORCONTINUOUS SYSTEM DYNAMICS noucmg from (23. that the covariance matrlx of thg
s Fs Q normalized system is just the correlation matrix after the prior
Awilary  Si=—— F Q1 — measurement
variables S Max Sax Max lvr%
. .
N Pi =FiGFj +Qk (23)
Standard A Fis, [
deviation S _ Mi Qi M. 21 =k h +Th R . ¢
. = + =i L wher =r.. n+ r ri
propagation si 4 2 ﬁzi i s | ere q rj e 0 supersc p

immediately after the last measurement and the

Correlation 4, __ Qeﬁ+ﬂ8,ij MM+ Q superscript indicates the value at the next measurement but

b
coefficient P& os)0 Sis|

: ¢ before the measument update processing. From (22) and
propagation .
(23), it canbe seen that
Normalized f(x s e
state # = 4 Xl*l Xk = XES max, S & O =Py (24
propagation S Max Si Si a% + 0 i
A,

and
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TABLE Il

/,i} — Piji- i 8669_18 (25) SIGMARHO PROPAGATION FORDISCRETESYSTEM DYNAMICS
T O &
?i _%] 9 / F. s ‘? Qk
Q . . X . ij = Max; . ij
Normalized ~ Xi= - K i= Q=
dynamics S, 9 ORI | ! Ax  waxt

We also must update the state between measureniéets.
update to account for the transformed state is performed by  standard

deviation Sii _\/[—T] o
propagation T =VIFiGFi +Qi ], G=r;

_ st Si
Xi (k+1)=%l. 8[F l(k)xl(k)]i . (26) Correlation . 531G
¢Si + coefficient S_gsitogsi o g
propagation ¥ _%718%%': I+ Q4 ]u
The state is normalized bysitstandard deviation and the . . .
correlation coefficients are naturally noriimad to between state xi (k+1) = g1 §[F ixi(k)],
+/- 1. However,as for the continuous casthe standard _propagation ¢l =

deviation dynamic range may vary significantly among states

for a specific problemAs before, v usethe rormalization . . .
P P D. The sigmaRho FilteBtate and CovariarcUpdate at a

s Measurement
Si= S ' (27)  The covariance update process for traditiondhiém filters
MAX; uses the equations
where S mAx, is the maximum expected value of titk state K=p HT(HP‘ o+ R)—l (31)
standard deviation. The normalized state dynamics use
transformations P*=(I - KH)P" (32)
P, S| hereK is the Kal in used in the followi
Fi = 1 (28) WhereKis the Kalman gain used in the following manner
Swmax, Si
x'=x +K|z- Hx | 33
- Qkij
Qi : (29 \with variablesz and R represented ascalars without loss of

i s Siiax.SiSj )
MAX; = AX; =il | generality [4.

We begin to decompose (31) and X3# introducing the
Note that equations (24), (25) and {2@hat propagate the subscript notation and the sigma and rho terms as before.
standard deviation, correlation matrix, and state, respectivetphus, we can form the expression
all use only ratios of the standard deviation change between
measurements. Therefotbese computations do not change n n
as a result offite timeinvariant scaling of (2. (HP' )i: a HhRi=a Hssirg . (39
The statesare normalized by their individual standard k=t k=t
deviations. This strategg@eemsthe various statesinitless,

potentially reducing dynamic range; however, there may As with the auxiliary parameters used in th_e covariapce
remain a large state dynamic range for statestie a large propagation, spaesmatrix procedures can be avoided by using

physical variation withsmall estimate standard deviatian the terms
Further sate estimatescalingby a constant/ applied to all
! n
states, can be usefand requires no modification othe D, =3 H,s, ry - (39
propagatiorequationsThefinal normalzed state estimate is k=1
% Thus, (34) becomes
X T (30
Sl
MAX; =1 (HP)i=Ds; . (36)

The final propagation equations for the discrete dynamics ares

provided in Table I ontinuing this thme to develop the terms from (31

HPHT =3 (HP ) H, =& D,s.H, 37)

k=1 k=1
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+ 5D 2
and finally Si- [q.¢cbe (46)
Si- SWH
—_ Di si- 38 . . .

Ki = (39 At this point, we retur to the general expression, 44
a D.sH +R Solving this expression for the new correlatiorefficient
k= after the measurement gives

We introduce an additional variable R
+_e$ gesjge - Ding
Iy =é_rue_Tué - W u - (47)
iue’jyge u

W =3 D,s;H, +R (39
k=1
The nonnormalized state update at the measurement

that is useful for normalization of the residual term. In thi§ample period is given by
expression, W is the standard deviation of the residual
process. An excellenieasue of performanceof a Kalman + =x + Disi ézn- Hy X o
filter is the whiteness of the residual time sequence and tf)1<é w & w Y
containment of the residuals within the esigma residual
bound defined byV. The Kalman gain is formed by Note the impact on (J&f usirg state normalizatiofactors.

Divide both side by the standard deviation before

K, = i Si _ (40) measuremerst; and multiply both sides by . We must also

(48)

renormalize the state to the new standard deviatighin

Now we must perform the covariance updatenpatation, Preparation for the next propagation stepfed,tfinally

Using subscripts, (32ecomes

. € @€ D &z, -H, xs;d
. X' =gy D+ ey (49)
R'=R - Kia HFR; (41) eSiuf e ¥7
k=1

Equation (49 summarizes the sigmaRho Kalman filstate
Sutstituting the sigma and rho notatiprEquation (41) update. However, we have used a normalized standard
becomes deviation during the continuous and discrete propagate steps.
Fortunately, the update processingtineanatics requires ratios
of the standard deviations in all cases except for the
computation of the residuals. We can define a normalized
measurement matrix as

n
si*sj*r”.+ =s;s;r;-Ka H.s.s;ry - (42
k=1

Using theD auxiliary notation gres
Hii:HisMaﬁ . (50)
s\ sih =s{ sihj - KiD;s] (43)
With this definition we can express the final measurement
updateprocess as in Tablél. The primed standard deviation

and inserting the definition of the Kalman gain . L
terms now correspond to the normalized standard deviations.

D, Djsi' S;

o (44) E. SigmaRho Filter Adaptation

One of the benefits of the SigmaRho filter is the ready

. . . , availability of physically meaningfustate estimatestatstics
Equation (44 is a general expression for an arbitrary entry y of phy y 9

f th : rix. Restricting th tation to t or use in monitoring the filter performance. However,
ot the covariance matrix. Restricting the computation 1o rW]onitoring the performance is not sufficient to prevent
diagonal entries gias

numerical ilkconditioning. We must both monitand control
. . these statistics before they attain meaningless values (i.e.
(5i+)2_ (Si.)zf"l_ e ig E _ (45) negative standdr deviations or correlations outside-10).

Y

ot et A - -
S; Sjrij =S, ij”--

There are two useatefined noises that are available for
adaptationmeasurementoiseand process noise. The process
. T .noise is typically more useful for adaptatidbecause: 1
Now, solving for the standard deviation improvement ratiQ ypically . P ; ) )

process noise is often mowecerainthan measurement noise;
across a measurement

2) addedprocess noise elevat¢he steady state performance
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TABLE Il
DISCRETE SIGMARHO FILTER MEASUREMENTUPDATE

wheres is the desired lower limit value fof!— . Setting

Si

ratLim

e n . .
A:é:nr;]ager D, =& Hsir, ; Hj= HisMaﬁ S atLimto a higher value (closer to 1), results in a more stable
p' k=1 filter with less reduction in the pospdate standard
‘éaegzniggem n deviations.
residual W=§ DsjHj+R We can compute the effective massment variance for a
K given value ofp as

State
standard >
deviation si" _ eD g R=(bD,.,. - D,sjH,. 54
improvement I.. =1 'g I H ( MAx) k= T (59
ratio Si w

Thus selecting a value fowbw can be consided as a
Correlati O . . .
Cf;ﬁ&'ﬁp ,i;:?sil S‘?sl 32@ D ng mechanism for selectingnaadjustedvalue for the scalar
update esi ugsj ge W g measurement noide. However, i is important to note thab
Normalized . _6s @8 . b e/ z,- Hj sixidl being above 1.0 does not ensure a positive value for R.
state update "1 _esli-‘ i+H :,Xi‘ w & W w However, R need not be computed In fact, it is not

numerically desirable to comput because the squariraf
the terms on the right of (b4preads the dynamic range of
computed variables. From Tallle, we see that

(often desirable to the designer); aB)iprocess noise can be
used to more surgically control issues that are posed by sin
stateswithin the modelwithout interfeing with other tates
that may be welbehaved.

Measurement noise adaptation is particularly useful during For theimportantinitial transientperiod the first term on
the initial startup stage of the Kalman filteinitial state the right of (53 is typically much larger than the measurement
estimates, before any measurement processing, are sometiM@tance and is reduced tlugh the course of the initial
assumed to be completely kmown suggesting an infinite estimation ashes| values arereduced. We have observed
standard deviation. Computationally, this policy issenefits fromthe following conservative approximation
implemented by setting the initial standard deviations to a
large number. Also, state correlations are often assumed to Bes CH dm )2
zero. The initialtransient numerical issues almoslways k>t T HMAX
result from the update step.k&y observation can be made by
inspecting theterm beneath the radical in (46The scalar so thatD,s i Hj >qu|MAX)2,
guantity W can take any value, provided that the following

|
W =psiH; +R (55)

(56)

constraint is maintained

W= 5|D)| (51)

where b21 .
Using the above definition foib in (46), we see that the

standarddeviation update ratio is given by

asi'

=

(52

The term on the left must be between 0 and 1 withidgbe
no improvementrom the measurement and 0 beingha
realizable improvement to zerstandard deviation. As the

The assumption of (56s exact if H has only a single nen
zero term. With the approximation (36 we can
monitorD, and triggerthe measurement noise adaptaibry

when

|Dl| > bLIM ‘%eas Wheresmeas: \/ﬁ .

MAX

The adaptatiorusing measurenm¢ noisedescribed in this
section has the following benefitgasily implemented in
software will not promote covariance matrix indefiniteness,
reduces dynamic range of computed varigbhtesd is well
suited for treatingfrequently encounterednitial transient
instability issues.

The key drawbackf adaptation using measurement nasse

term on the left approaches 0, the filter tends to becomggatthis penalizesall stateswhere only a single state may be

unstable. Thus we can define

1

b =
LIM | >
1- S fattim

(53

problematic. Insertion of process noise can be used to better
target individual state estimation issuedthin a complex
largescale problemConsider the following covariance matrix
modification
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Pi=p+a 67 eho_& 20w - waxo, g
g9°¢ 1 o B U &y (64)
where & is a diagonal matrixhat will have the effect of a u-e u exu

process noiséNe see that

wherex, is the sinusoidal signal output. The covariance matrix

s =s?+4, (58) s givenby
and é2xw -weh, R, gReR 62wl gaqgo
ﬁ: é > - z z ~ ~ 4+ 7
€1 o & r HRER EH olobo
risisj=r;ss;. (59
(65)
Now let
with a steady state solutioB, given by
a, =9# (60)
e’ 09 .
so that R :széo Qb with - q=4x s . (66)
é u
i :i (62) Using this stochastic model with a low value for damping
1+g generates a neaonstant frequency signal so that the signal
spectrum peaks near the indicated frequency. If we set the
Siiz — ~§(1 + )5 _ (62 model ouput variance to unity£? is equal to one), then we

can create a representation of a siffgdguency tone with
RMS amplitude of one. The degree of prescribed stochastic
variability (amplitude and phase) for this model can be used to
represent realvorld communicationsignal uncertainties

The transition matrix for this system is given[dy

Equations (61) and (§2%rovide a simplebut statistically
meaningfulway to compute g in order toadapt the filter to

control eitherindividual state estimatstandard deviatiaor
individual corrdation coefficiens. Equations (61) and (62
must be performed together to ensure positieéniteness of F(t)=
the covariance matrix.

e ve x winlut) +wcodwst) - wWisinlt) e
w, & sin(w;t) in(wt) + wt)i
[Il. APPLICATION TOSIGNAL PROCESSING (N 4 X 1B t) + ny Cos gty
We demonstrate here how the sigmaRho filter can be (67)
applied to a communication problem:estimation of
qurmatlon modulated onto a noisy carrier Wav_eform. We usa/d —wm m=A1- X
a linear secondrder system to represent a highly coherent (68)

sinusoidal signal with the degree of coherence (ability to _ _
predict forward in time) adjusted with a design parameter. The ThePower Spectral Density (PSD)] [ given by
representedtarrier signal has uncertain amplitude as well as

an uncertain component to its frequenchhe carrier is
modulated withdigital informationusing Binary PhaseShift
Key (BPSK) encoding resulting in phase shifts of °lgbase

Y (w) = 1 .
(W -w?) 4% wA

(69)

shifts at the data encoding ratd&he carrer waveform is
directly sampledat a rate well below the carrier frequerimyt
faster than the encoding rate

A sinusoidal signalith frequency W can be represented as
a second order system with low dampipj). An oscillator

can be represented by the following differential equation:

The autocorrelatiofd] of the neassinusoidal response is

Fe)=e Wé%os(mz‘)- x%sm(wdf)g | (70)

We see from Figl how the model can be adjusted to
represent any degree of sindtequency signal coherence. For
example, we see for damping of 0.0001 amng-100Hz, a
signal value 100 cycles forward in time is correlated to the
current signal value with a correlation coefficient of 0.90.

The conmunications sample problem is formed from two
interconnected secormtder systems as shown in F&.One

RH#2X 1 HEAK w (63)

or, using statespace notation
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output x,, and x_,u;,w, = sinusoidal carrier signamnodel

108 - N with output x,. Thex,state represents the carrdus
09 & x=10 information signal to be measured.
\ NN The continuous nonlinear system propagation between
08 + \ measurements is given by
07+ T S~ N=6
S \\\\ ko e Xy - Wi, g
g 0e [ \\>\ é#U é u
hé g ) I é 1@2 (,a X X u (72)
ST N \ ~ S0 & 20w+ - g+ x )
%04 ; 3 ~_ o é X, g
0.3 - . . . .
E The dynamicsmatrix for covariance propagation between
02 NG I B measurements is given by
- 2
0.1 T~ _
r N F X)—
0.0 L L | L | Ll LU L L Ll | é,- 2)(IM/I _ VVIZ O g
0 100 200 300 400 timseoﬁzyc\fs?‘j 700 800 900 1000 g 1 0 0 0 ﬂ (73)
Fig. 1 Autocorrelation of neasinusoidal carrier model é 0 o +(w +x 1) - 2x(w +x) - (w +x )20
é (cZ(c Xl)s) |(c 1) (c Xi)u
g 0 0 1 0 g

Uncertain frequency madel

Note the coupling between the mean state and covariance

v, 1 propagation as represented by the stigggendent system
2 2 matrix. The termwu;x, in the third row, second column of
| S +2as+0 o - o
X FQ() is a particular issue because it is both large in magnitude
1

and rapidly timevarying between measurements.
The continuoussystem noisenatrix isgivenby

Ve 1 X3
2 2 xw’ 0 0 0o
5" +2& (0, +x)s+(@, +x) é N
¢ 0 0 0 0
Carrier frequency model Q= é W ol (74)
€0 0 4w o
Fig. 2. Uncertain carrier model formed from two second order tinea g 0 0 0 0y

processes

where the diagmal terms result from the steady state solutions

of the second order systems represents a highly cohergjjt the two second order systems as givey (66). The
single frequency carrier and the second seawdér low pass measurement model for the Kalman filtés

system represents an unknown frequency component of the
carrier. The digital sample rate of the carrier is chosen to be :[0 00 :I']Xk +W, (75)
much lower tharthe carrier frequency. Finally, the pleasf -

the carrier will bechanged instantaneously to represent Class 1

BPSK digital data encodingFig. 3. The objective is to
estimate the uncertain carrier frequency and, simultaneous

Phaze transitions
PSK Data
estimate the phase transitiongéoover the encoded data. The “TH T engcoder

nonlinearstate dynamics are given by

\ o N
&% o & 2xw - w 0 0 2eX,8 ew g Class2

€t € 0 0 0 ué u éyu DM"’.

Fhu-é U€su, €U
éu € 0 0 -2x(m+x) - (m+x)ué,u éwu
é, u é ué u é.u
#u é 0 0 1 0 pg&a é0q

(71)

Composite signal with
encoded data

. . Fig. 3. Binary Phase Shift KeyBPSK)data encosing repeesented as tw
where x ,w ,w = low pass frequency uncertainty model witl qdel classes
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strongfunction of the rapidly varying carrier model states as
A closed form solution for the transition matrix, obviating theexpected for the nonlinear system.
need for soling the matrix exponential or use of numerical We also require a closed form solution for the discrete noise
integration techniques, is the key to higeed embedded matrix. Fortunately, the discrete noise matrix for a generalized
Kalman filter applications. For the communications problensecond order system hasen solved in closed form in][4
we can write the general form of tl8 4 transition matrix as  The results are summarized below.

e F, 0 o €ty G2

= < 76 = <
i MUY 7O T, aul 0
The 2x2 sukmatrices F, and F.(Dw)along the diagonal po 1 (81)
will be defined from the transition mixt for second order X W
systemg67) with appropriate damping and frequency, noting
that the frequency errobw varies slowly with respect to the ¢ =gz {’/'/51‘2(1' e—ZDt/t)_ 2sin(w, Dt) e 2"
sample time and is a small fraction of the carrier frequency. (82)

The top right entry is zero because the carrier signal model [S'r(Wth)' et Cos(Wth)]}
does not influence the frequency error model. The lower left

entry reflectsthe effect of the frequency error on the futuret, = de ™' sir? (;Dr) (83)
composite signal and requires careful consideration. We can

derive an approximation ®, by recognizing that O, = qt {22 2(1- €2 )- 2sin(n;Dt) &>

84
singD0)+ gt cosly ]} o
E = px(t + Dt)
w(t) The generalized expression €@y, with suitable damping
and frequency, can be used for the t@&® 2 submatrices of
We can write the discrete noise for the software radio problem. We assum
that the contribution of the frequency error stochastic
&, (t+Dt)g &, (t)o dynamics to the carrier frequency model is negligible. Thus
&, (t+Dt)d Fol(x)g e (77) " the oftdiagonal 22 2terms in the discrete noiseatrix are
&% u &%\l

assumed to be zero

. . . We simulate the data encoding by modifyithe phase of
Our transition matrix for the carrier frequency second ordetF1 im g by b P

systenF ¢ (x)is based upon assumption of eonstant gaio getection schemewill use maximum likelihood
frequency (and thus constant frequency error). Wehypothesis testingrinciples[18] based on the assumption of a
approximate F.(x)Jusing a Tayl or 6s teoxchss BttidiupeThe norindliZed resitusis testedat eah

value forx, at the midpoint of the measurement interval. Thugneasurement epocigainst a thresholge.g., +/3.0). If the
threshold is violatedthe sign of the estimated carrier signal

states, along with the correlation coefficients between the

gxz (t + Dt)‘gz f,: . DWOJ,UF;:J ée(l(t)J, Xo(t)ﬂgé,xz (t)‘g carrier state;s and carrier error states, are changegptesent
& (t+D)y 1 HDWp,0C 2 -iygxg(t)u the alternative hypothesized class witB(® phase change of

(78) the carrier If this change brings the residual within the
threshold a phase changs assumedThat is, we detect the
occurence of an abnormal residuahodify the signal state

Taking the partial derivave from (72 we can write g : !
and covariance toepresent the alternative signal class for the

° ~ assumed twalass model representatioand then retest the
pE c(t) —_a 1 8: . . R ; . i
“Dw —-aa’t+—. (t)+ normalized residual as verificatiomhis process is readily
HOW low-o - € w= extended to other forms of PSK data encoding.
e Wé;(X- l/vdm)sin(Wdt)+ (1+x m)/mos(wdt) For thisexample we have used a practiyauseful carrier

W, 8 meog(u;t)
- 2wsin(wt)- w?mcogw;t) 2
- (4w m)sin(ugt) + (1- x w)meosmgt)g

frequency of 1.5 GHZ X =10®), sampled atL/20.25 the

carrierfrequency(74MHz) with measurementoise amplitude

of 10% of the carrierand with BPSK encoding 41200 the
(79)  carrier frequency(7.5MHz). The peturbation carrier model
assumesa bandwidth of0.1Hz (x =0.5). The simulated
carrierfrequency error i®ield constant ab0 PPM reflected as
partial derivatives as indicated b{r9). Note thatF . is a -0.50 timesaninitial assumectarrieruncertaintyof 100PPM

Equations(77) and (78)allow computation ofF ., from
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Filter adaptationusing both measuremeand process noise, In order to limit the fixed point nmi operations to add,
asdescribedn Section E, was used to limhe statestandard subtract,multiply and dividethe square root operatiomgere
deviation improvementto 50% per sample,the standard approximatedising the followingorms

deviation floor t010% of original uncertaintyand correlation

coefficients to be within +/0.95 R R
Figure 4 shows esults for 200,000 carrier cycles for a’/ = 1+W @1+0-5+W (85)
double precision implementation of the sigmaRho filigre =1 i
top pane in Fig. 4 shows the actual noisy measurement (red)
and the prediction of the measurement from the Kalman filteg + oD g
(blue). The middle pane shows tKalmanfilter normalized == @l 0.54 (86)
residuals. The normalization factor is the Kalman filter®i SWH 8 H
prediction of the residual orséggma bound so that 68% of
the data should be contained withXfor a wellperformmg Si
Kalman filter. \jé F GH Q a @
carrier frequency error (red) and its predicted-sigena value Si' (87)

.(b_|l..Je), both in. terms of improvemgnt factor \{vith respect to the 1 0_5{ @ F GRK q (["Q] i 19}
initial uncertainty (LOOPPM)The inset on Fig4 shows the i "

detail of thedetectedBPSK coded datahat was encoded as _

alterrating zereone For this example, all indicators suggestlhese approximatevalues arelarger than theexactvalue,

the sigmaRho filter and data decoding performs as expecthich results in a more conservativediit That is, errors in
with 100% success of the data decoding these approximations tend to result in a more positefinite

covariance matrix.

Implementing thdixed pointmath operationsequires two
specialnumerical procedurebat are used to implemefiked
point multiply and divide:

e ai I Ll

o hlllh\'Hllhmllllllllhm [t
; H!HIIIHI'l”HU'WI\'I””‘HH'HHHHIH

meas

1) Fixed point multiply:

L
m

28 ‘ AL A A A Al A A 4 A |nl [CZN] = ROUNd[AZN][BZN]Z'N) (88)
g oo L 2) Fixed point divide:
2.5 HiH 2 N[oN
2 L l [CZN] - ROUNDa A2 NZ g (89)
1075 1100 1125 1150 1175 1200 1225 1250 1275 (; B2 -
05 4 — e o
S 0o g where A2"  B2" and C2" are fixed point formatted variables
E convertedo anintegerthrough multiplication by2". Software
T T T T T T T T T T T T canbe developed to move betwedouble precision and fixed

100 125
time (Kcycles)

150 175 200

point implementation by using @istomselectableprocedure

for mechanizing alimultiply and divideoperationsA custom
floating point multiply and dividerocedurds also be used to
track the maximum and mirimum of all internally computed
variables so that theequiredvalue fora fixed point nantissa

(L) can be determined using either simulated processing or
actual data processing using a double precigion.

Fig. 4. Simulation results for 1.5GHz car with BPSK encoding at
7.5MHz

Next, we will ill ustrate the fixegboint implementatiorof
the sigmaRho filterThe objective isthat all internal filter

variablescan be represented bysingle fixed pointnumber
format using the availablsigmaRhaoscaling parameterd he
total bits in the fixed point format ar&l + L whereL is the
number of bits in the integer pasf the fixed point worcand
N is the number of bits in the fixed point fractioBy

For the sample problem parametdisit with the error
switched to-50PPM) we found that a 16it fixed point
implementation (L=2 N=14) provided indistinguishable
results from the double precision versiomoreovereven
further word size reductioprovided stable result&igures 5

multiplying all variables by 2, theadd and subtract operationsand 6 shovihe graceful degradation of the estimation result as

are handld by standard integer math operatiofitie goal is

the fixed pointword lengthwas reduced from 16 bits tt2

that L=2 so that all internal variables aealed to a dynamic bits and therio 10 bit® bothwith 2-bit integer partThe 10-

range of +2.0. The fraction bits are adjustéd maintain

bit implementation begins to showgss of deterioration;

performance similar to the double precision implementatiohowever, the ability to dede the binary data remains intact
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guaranteed and 2) know there exists a generalized
implementation path for fixed point digital processing
hardware. Thigpaperhas preented the sigmaRho variant of
the Kalman filter to address these shortcomings.

The sigmaRho filter offers a fundamentally different
approach to traditional stable Kalman filter forms that are
based on a factored covariance madtixi/or noise adaptations
based on monitoring residual processextéred forms mask
the underlyng statistical termghat can provide a preventative
diagnosti¢ and residuabased adaptations can only react to
divergence The sigmaRho filter naturally propagates the
standard déation and correlation coefficients for all variables
without added computational complexity. As a natural
extension, generalized methods are readily available to both
N S— Y monitor and control these critical statistical parameters in a
FTo T e st S . . .

Y manner topromoteoperaional stability while specifying the
impactof desensitizatiomn estimationperformance. Of equal
importance, the sigmaRho filter algorithm offers a normalized

a5

-0.0

meas

-0.5

-1.0
25 1

0.0

residual

25 4
1.00 4

0.75

0.50 +

f & sig

0.25

AN RRARERRRSNRARRNARR

0.00
RN NN NN RN AN RN A

0 1 2 3 4 5 6 7 8 9 10 . .
time (Keycles) solution to allow the control of the dynamic range of all
Fig. 5. SigmaRho Kalman filter fixed point mechanizatigith 2bit COmPUtatlonal variables. ThI_S nommnor” n tum’om_ars a
mantissa andObit fraction straightforward path to the implementation of the sigmaRho

filter using highspeed embedded digital processors.
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